Recently a new mechanism of proton tunneling in a prism-like water hexamer was revealed [Richardson et al., Science, 2016, 351, 1310. The tunneling motion involves the concerted breaking of two hydrogen bonds and rotations of two nearest water molecules. Eventually, this structural transformation means flipping one of the hydrogen bonds without the creation of defects in the hydrogen bond network. On the surface of polyhedral water clusters, there are five essentially different types of hydrogen bonds, and only two of them can be changed in this manner. In this article, the topological classification of such transformations for five small water polyhedra: triangular, pentagonal, and hexagonal prisms as well as 
Introduction
The properties of water and ice are still far away from a complete understanding. In particular, it is due to the fact that the ice is not a crystal in the usual sense of the word. The crystal lattice of ice determines the position of the oxygen atoms only. The positions of the hydrogen atoms are disordered. And, the position of hydrogen atoms (protons) changes constantly.
1,2 Proton transfer along hydrogen (H-) bonds is a quantum process that has been closely studied for several decades. A considerable attention is paid to quantum tunneling in small water clusters, [3] [4] [5] [6] taking into account the presence of powerful experimental methods of terahertz spectroscopy and high accuracy of quantum chemical calculations. Recently, the ring-polymer instanton method has been applied with much success for calculating tunneling splitting in water clusters. 7, 8 A large number of studies have been devoted to the investigation of rotational transitions of individual water molecules in clusters. [4] [5] [6] But recently it has been reported that the tunneling motion in the water hexamer prism involves the concerted breaking of two H-bonds with the rotation of two hydrogen-bonded molecules. 9 The cluster in the form of a triangular prism is the smallest polyhedral water cluster (PWC). Each of the molecules takes part in three hydrogen bonds. Eventually, the concerted H-bond breaking means changing the direction of one H-bond (one bond flipping, see Fig. 1 ) without the formation of defects, that is, according to the Bernal-Fowler ice rules. 10 In graph theoretical representation, according to these rules for PWCs one or two arrows (not 0 and not 3) point in and out in each node. In spite of the complex nature of the intermolecular interactions, there are effective approaches to determine the correlation between the energy of PWCs and topological features of the H-bond network. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] One of these approaches is the Strong-Weak-Effective-Bond (SWEB) discrete model of the molecular interaction. 17 This physically based model, that takes into account the peculiarities of the interaction between the first, second and third neighbors in PWCs, allows the understanding of the statistical regularities. All proton configurations of PWCs can be separated into distinct energy levels using only local topological features of the H-bond network. At first we consider the transitions between the lowest energy configurations which can be observed in experiments.
Note that comprehensive statistics of all proton configurations for PWCs were obtained in ref. [22] [23] [24] . The present article is devoted to the topological classification of all one-bond-flip transitions in small water polyhedra including the triangular, cubic, pentagonal and hexagonal prisms as well as octahedron 4 4 5 4 that consists of four square and four pentagonal faces.
Methodology

A. Statistics of proton disorder
PWCs can be assigned to two-dimensional systems by the degree of correlation. All molecules are located on one surface. Each of the molecules forms three H-bonds with the neighbor molecules as well as in the hexagonal ice monolayer. The specific residual entropy of these systems (in the dimensionless form) S 0 approximately equals ln 3 ffiffi ffi 2 p À Á , 22 in contrast to wellknown Pauling's formula for three-dimensional systems: S 0 = ln(3/2). 25 An exact statistic of proton disorder in PWCs is a starting point for our analysis. It is important to emphasize that for the study of proton tunneling not only the set of symmetry distinct configurations is of interest but also a complete set of all proton configurations, corresponding to the notion of the residual entropy. Transitions also occur between different symmetry equivalent configurations. For many of the PWCs, the numbers of all configurations were obtained earlier. 23 An exact formula for prism-shaped water clusters is given in ref. 22 :
where X n is a total number (integer) of all proton configurations for the clusters in the form of an n-gonal prism. (24) and D 2d (8) . Here, the order of symmetry groups is given in brackets.
B. Energetics of proton configurations
PWCs and gas hydrate frameworks are formed only by eclipsed (mirror-symmetrical) water-water bonds, whereas ordinary hexagonal ice is formed by both eclipsed and staggered (center-symmetrical) bonds. 1, 2 These bond types are shown in Fig. 2 . As it was noted in the early works of Bjerrum, each of these H-bonded pairs can be divided into two subtypes depending on the mutual orientations: more and less energetically favorable (strong/weak). 26, 27 For the eclipsed bonds, the strong H-bonds correspond to trans-configurations of water dimers ( Fig. 2a) and the weak H-bonds correspond to cisconfigurations (Fig. 2b) . This was first noted by Radhakrishnan and Herndon and applied to ring-like water clusters. 28 In PWCs, the same types of H-bonds can be differently oriented to the polyhedral surface. Therefore, there are five distinct types of H-bonds in this case. 12, 15, 17, 23 Two of them (t0, t1) correspond to the trans-configuration of H-bonded pairs (Fig. 2d) , and three types correspond to the cis-configuration (c0, c1, and c2). This graph theoretical classification of H-bonds by the edge node forms the basis of the Strong-Weak-Bond (SWB) discrete model. 23 Subsequently, it was established that only one of these bond types (t1) is preferable taking into account the interaction between the second and third neighbors. For large PWCs, the high predictive ability of a more accurate SWEB 17 model was examined by different methods.
Correlation between the energy and the number of t1-bonds is also high even at relatively considerable bending of H-bonds in small PWCs (Fig. 3 ). Geometrically optimized configurations in the TIP4P water model 29 were obtained using TINKER Molecular Modeling package. 30 The numbers of symmetry distinct configurations are shown in Fig. 3 for each value of t1. One configuration of the triangular prism-like cluster has changed its shape during optimization (configuration 1, see below). The lowest energy and near-lowest energy configurations are of the most interest for our analysis. In the SWEB model this means the maximum and the next-maximum number of t1-bonds.
Note that all configurations of the lowest energy levels have a minimal total dipole moment (zero for cubic and hexagonal prisms). 
C. Transfer matrices
First of all, let us draw attention to the fact that the one-bondflip process is possible only for t0-and c0-bonds. Indeed, for the other three types of H-bonds, this leads to the violation of the Bernal-Fowler ice rules. This allows us to suggest the following algorithm for the calculation of the one-bond-flips: 1. Find all proton configurations of the PWC that satisfy the Bernal-Fowler ice rules (N). Note that in a topological representation, each proton configuration is defined by a row of the H-bond directions with respect to somewhat canonical orientation (numbers À1 and +1). For the water hexamer prism, it means 104 rows by 9 numbers. This is the complete list of configurations.
2. Separate all symmetry distinct configurations (n). For the triangular prism, there are ten rows. This is the short list of proton configurations. Each of these configurations has a number of physically equivalent configurations that differ by a rotation or a reflection only. The complete list is formed by combining the classes of equivalent configurations. Each of the symmetry distinct configurations is a representative of a whole class of symmetry equivalent configurations. The maximum number of equivalent configurations does not exceed the order of the symmetry group n for the given polyhedron. Therefore, n Z N/n. For large PWCs, n E N/n, since the majority of proton configurations are unsymmetrical (symmetry C1). This relation becomes exact if there are no symmetrical configurations (octahedron 4 4 5 4 , see above).
3. Turn sequentially all t0-and c0-bonds in configurations of the short list and identify the derived configurations in the complete list. Then find the equivalent configuration in the short list. The result can be represented in two square matrices by the size n Â n. The elements of the first matrix are the numbers of one-bond-flips from i to j configurations. The elements of the second matrix are the series of numbers corresponding to the serial numbers of changeable H-bonds.
Results and discussion
A. Triangular prism
All symmetry distinct configurations of the water cluster in the form of a triangular prism are shown in Fig. 4 . The arrows indicate the direction of the H-bonds: from the proton donor to the acceptor. The bold grey arrows correspond to t1-bonds, the number of which determines the energy of the cluster in the ) for proton configurations of PWCs in the TIP4P water model as a function of the number of t1-bonds which determines the energy levels. The numbers at points correspond to the level populations. The configuration denoted by square (Prism_3) has changed its shape during optimization (unstable). 
The H-bond numbering is shown in configuration 1 (Fig. 4) .
In the TIP4P water model, configuration 3 is the most stable (Fig. 3) . Note that this prism-like configuration is the most energetically favorable structure according to ab initio calculations. 31, 32 The other two configurations (7 and 8) of the same level (t1 = 2) are less favourable (see Fig. 3 ). According to matrix (2) , in each of these configurations there are H-bonds that allow the one-bond-flip transformation to itself (automorphic transformations). Each of the configurations (7 and 8) has two changeable H-bonds. In Fig. 4 these H-bonds are indicated by ovals.
The proton configurations before and after these transformations are physically equivalent. One can be obtained from another by a rotation or reflection. In the short list of configurations, they are represented by the same structure. At the same time, they are different. Transition between them is observed in the experiment. The automorphic tunneling transition in the lowest energy configuration 3 was considered by Richardson et al. 9 Note that the energy barriers can be symmetrical for the automorphic transitions.
One can see in Fig. 4 that automorphic transitions in configurations 3 and 8 go through t0-bonds (trans-configurations), whereas in configuration 7 this transition goes through the c0-bond (cis-configuration). Although, the notions of trans-and cis-configurations are considered here from the topological point of view, all H-bonds are bent, especially in triangles. It is not difficult to verify that the t0-bond transitions connect the proton configurations that differ by the rotation around the 2-fold axis passing through the middle of the changing H-bond, whereas the c0-bond transitions connect configurations that differ by 3-fold rotatory reflection, that is, which are chiral isomers. Also note that the transfer matrix (2) is not symmetrical. This is related to the fact that the configurations themselves have different symmetries. For example (see matrix (2)), in highsymmetrical configuration 10 each of the transitions through the 3th, 5th, and 6th H-bonds leads to the same configuration 8. But the reverse transition from configuration 8 to configuration 10 is possible through the 3th H-bond only (Fig. 4) .
In Fig. 5 , all transitions between the cluster configurations are presented in the form of connectivity graphs. The vertical positions of the graph's nodes correspond to the energy levels within the framework of the SWEB discrete model (t1 = 0, 1, 2). Here, along with the automorphic transition in configuration 3 (see above), there are two pairs of analogous transitions in configurations 7 and 8 (t1 = 2). But there is no transition between these lowest energy configurations. Note one more peculiarity of this graph. The pair of configurations 2 and 6 is a duplicate of pairs 1 and 5 and vice versa. The topological connectivity of each configuration 1 and 2 with the others is View Article Online identical, the same situation with configurations 5 and 6. This is discussed in Section 3E.
B. Cubic cluster
It is well known that the cubic water cluster has two lowest energy isomers of D 2d and S 4 symmetries (t1 = 4). 33 In the SWEB model, the next energy level (t1 = 3) is not occupied. The connectivity graph is shown in Fig. 6 . Here, configuration 5 is the duplicate of configuration 3 (see Section 3E). Unfortunately, for the lowest energy configurations 12 and 13 there is neither automorphic transition nor transition between them. Only the transitions that significantly increase the energy are possible. Symmetry distinct configurations of the cubic cluster are shown in Fig. 7 . 11 It was established that for the lowest energy configurations, only the transitions 12 $ 2, 12 $ 9, and 13 $ 7 are possible. The changeable H-bonds are indicated by ovals (Fig. 7) . Configurations in these pairs differ from each other by marked bonds only. Transition 12 $ 9 goes through the c0-bond (cis-configuration), whereas the other two transitions go through the t0-bond (trans-configuration). Note that the lack of the lowest energy transitions makes the cubic cluster less interesting for our analysis.
C. Pentagonal prism
For the pentagonal prism-like cluster, there are six configurations with the maximum number of t1-bonds (t1 = 4, see Fig. 3 ). Note that these six configurations were also constructed by the insertion method, and four of them were found experimentally. 34 These configurations and also their connectivity with the second level configurations (t1 = 3) are shown in Fig. 8 . The numbers with the asterisk correspond to pairs of configurations with the opposite direction of all H-bonds. Therefore, the total number of second level configurations equals 10 according to Fig. 3 .
As it was noted by Richardson et al. 9 this cluster can be of interest for the study of the concerted rotational transitions in water clusters. For the lowest energy configurations, there are both automorphic transitions and transitions between them. The transitions in configuration 1 go through the c0-bond (cis-configuration) and the residual transitions go through the t0-bond (transconfiguration) (Fig. 8) . The most stable configuration in the model TIP4P is configuration 1, 31 although configuration 2 is only slightly less stable. In Fig. 3 these configurations are indistinguishable. Five of these six configurations (Fig. 8a) , with the exception of configuration 4, were found using the high-level method MP2/6-31G*. 32 In this case, configuration 2 is the most stable. The same result was obtained by the method RHF/6-31G(d,p). 31 It should be emphasized that the effects of tunneling were detected in three isomers of this cluster. 34 Also note that for the water decamer, the prismatic form is more energetically favorable. (Fig. 9) . It should be noted that this configuration essentially exceeds all other configurations of the second energy levels for both cluster forms in the binding energy for the TIP4P model (lowest point in Fig. 3 ). According to the Cambridge Cluster Database, 31 this configuration is the lowest in energy in the model TIP5P.
35
E. Antisymmetry
We consider the reversal of all H-bonds as an additional nongeometric operation of symmetry, more precisely antisymmetry. [36] [37] [38] This notion makes the enumeration and classification of the proton configurations easier, especially for the large systems where the majority of proton configurations are nonantisymmetrical (ordinary). The ordinary configurations form pairs which are distinguished by flips of all H-bonds and possibly by a rotation or reflection. Therefore, the list of essentially different proton configurations can be almost twice shortened. The results obtained in this study corroborate the utility of the new concept of the hydrogen-bonding antisymmetry. As it is easy to see (Fig. 5) , the antipodal configurations with the opposite direction of all H-bonds can be symmetrically located in the connectivity graph. Configurations 2 and 6 ( Fig. 5 ) are the antipodes of 1 and 5 (respectively), though the antipodal configurations are distinguished by the front H-bond only (bond #6, Fig. 4 ). For the cubic cluster (Fig. 6 ), the antipodes 3 and 5 are also symmetrically located in the connectivity graph. Under the extended symmetry (antisymmetry) the splitting disappears, since the antipodal configurations have become equivalent. In the small clusters, the antipodal configurations can be essentially different. So, one of the antipodes (configuration 1) has changed its shape during the geometrical optimization using the TIP4P water model (unstable, see Fig. 3 ). 
Concluding remarks
In this article we present a combinatorial-topological classification of the concerted H-bond breaking by quantum tunneling for five smallest water polyhedra. We show that such structural transformations mean the change of the direction of one H-bond (one bond flipping) without the creation of defects. Our classification includes enumeration of all possible one-bond-flips in the lowest energy proton configurations considering the types of H-bonds on the polyhedral surface. It would seem natural that the proton transitions through t0-and c0-bonds are distinguished. It was established that in the energy lowest configurations, the one-bond-flip transitions are possible only in the clusters in the shape of triangular and pentagonal prisms and also of octahedron 4 4 5 4 . For the pentagonal prism-like cluster, not only the automorphic transitions but also the transitions between near-in-energy configurations are possible. We mention in passing that the large PWC in the form of a pentagonal dodecahedron that consists of twenty molecules can also be of interest as a model system. The lowest energy level (t1 = 7) involves 106 symmetry distinct configurations, which are divided into three groups according to the total dipole moment. 17 But within the lowest energy group (28 configurations with the smallest dipole moment) there are neither automorphic transitions nor transitions between them. Finally note that the quantum description of the proton tunneling can help to parameterize the kinetics of the proton transfer. This gives the opportunity of more realistic modeling of ice-water systems. In such an event, the transfer matrices like (2) can be used to describe the proton dynamics in PWCs, taking into account the H-bond type (t0, c0), the energy difference as well as the numbers of symmetrically equivalent structures before and after the transitions. 
